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On a Linear Differential Equation of the Second 

Order. 

By Thomas Craig. 



The differential equation to be studied is 

cie 3 ~*~ a; (1 — .t 3 ) da; ^ " a; 8 (1 — ar 2 ) 2 y ~" ' 

or for brevity cPy r> <% i r> 

The coefficients P x and P 2 have for points of (polar) discontinuity 

a;=0, &= 1, x=- — 1. 

The domain of the point x = is a circle of radius unity having the origin 
as center, that of the point x = 1 is a circle of radius unity having the point 
x — 1 as center, and similarly for the point x = — 1 . The domain of the point 
x = oo is the entire infinite plane lying outside the circle having the origin as 
center and radius unity. These several domains will be denoted by G , G x G_ lt 
Cm , and the portion of the plane common to two domains G i and G s will be 
denoted by G tj . The fundamental integrals of the equation in the domains G t 
and G } must coincide in the common domain C i} . 

In the domain of the point x = write the differential equation in the form 

dx 2 x dx 3? " ' 

The fundamental determinant equation for the point x = is 

r(r-l)-r&(0)-&(0) = 0, 
or, on substituting for $i (0) an d Q% (0) their values 

r(r— l) + rA 13 + A i5 
the roots of which are 

n = *{(1 — A 13 ) + V (1-^ 13 ) 2 -4Z^ } 
r, = * { (1 — A 3 ) - V(l - As) 8 - 4^ 5 J . 
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Assume as a special case A 13 = 1 , J. 25 = , then the roots are each equal to 
zero, and consequently the fundamental integrals of the equation in the domain 
of x = are y 1 = <£ u (x) , 

y% = <Pn ( x ) + $22 («0 lo g * • 
Where 4> n , $ 21 , <£> 22 are > m the domain G , uniform and continuous functions of x 
and do not vanish for x = ; and where $ w differs only by a constant factor 
from 4> u . 

Take the first integral and write for brevity <p u = u. Being a uniform and 
continuous function of x in the region of the point x = and not vanishing for 
x = 0, we have for u the form a=oe 

a = 

a convergent series in which O is not equal to zero. Substitute u in the 

differential equation and develop (1 — a; 2 ) -1 and (1 — a; 2 ) -2 in series going 

a™ 
according to ascending powers of x. The product of -j- and the development 

of (1 — a; 2 )- 1 is 

^A n x n , 

n — 
Where *^ 1 l +e (»+*+l)i. 

a — \ ±-r* 



i±i_ kO k , 



*=1 



and multiplying this by the factor 

— (A n x* + A n x + 1), 
we have for the first term in the right-hand side of the differential equation 

x — = _ (^ufl 3 + A n x + 1) du _ (A 21 x s + A^a? + A^x -f A u ) ^ 
da? 1 — x 2 dx (1 — a?f 

the value B=00 

»=o 
Multiplying w by the development of (1 — a?)~ 2 , we have 

or, writing for brevity 

1_|_ <.(» + *)*" y n — it 



£I±*t=C_ T * +1 ) <,. = *, 



&=o 
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71 = 

On multiplying by the remaining factor 

— (Ai*? + A& % + A& + 4m), 

the second term on the right-hand side of the differential equation is 

7l = oo 

- £) [4.A-8 + 4aA- 2 + AA-i + 4A] »"• 

r» = 

The whole equation is now 

£\ (n + l)0 B+ i«f = — ^ [-4i4»-» + A 2 4.-i + 4J a;" 



« = m=:0 

n= oo 



— ^ [^A_ 3 + iA- 2 + -4*5.-1 + A A] »». 



71 = 



Equating the coefficients of x n in this and we obtain a series of equations 
for the determination of C , G lf G % . . . . It is clear that ultimately every C 
will be merely O multiplied by a determinate constant. We have for C n + x after 
transposing one term to the left-hand side of the equation 

(n + lfC n + 1 - - Ax 2^, - Z — 2 ( 2 + ) ° k 



* = o 



-4»2^ — 2" — v — 2 + V °> 



o 

K — 1 



. V"^ l-|_ e (»-i-M)*T / n — 1 + k \ _ 

^2-/ ""2 " ( — 2T 1 " + V ^ 



x 23 





~ ^2-/ 2 V~~2~~ + V 



tf, 



* 



o 
i — l 



J. u > — !-— &<7, 



2 

i 



* 



76 

i 

- £ 



i _i_ e (» + *> »"• 



&& 



1 _J_ e (» + * + 1) iir 



&c, 



*• 
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In particular, 

Oi= — A u O 

6 2 = 4 L ' ^23 + -a-24 I A 12 A U ] ^0 

^3 = sv L 2-0.12-0-23 3 A 12 A 2i — 2A 12 A 2i + 5^L 23 J. 24 — ^4 24 — 4J. n il 24 — 4J. 24 — 4J. 22 J , 
etc. 

If we assume 

^24 = > A 23 = 1 , A n — , A n = 1 , A ls = 1 , -4 12 = , J. u = 3 , 
the differential equation becomes 

cPy , 1 — 3^ d« 1 

do; 3 ^ x (1 — a; 3 ) cfe 1 — x % !J ' 

which has for one integral the elliptic integral, K, of the first kind with modulus 
x. The values of the constants (computed from the general formula) are readily 
found to be 

12 Q2 12 Q2 C2 

Co i C\ = 1 Ci = Co i i C 3 = , C 4 = C 22^2 ' C B = , 6 = (7 gT^ga » e ^ c - 
Assuming then (7 = -— we have for ^ the value 



- IT — 2 i 1 - 3 4 , r. 3 a .5 3 -1 

which is the known development of K in terms of the modulus. 

I have similarly verified the general formula in the case of the differential 
equation, giving the elliptic integral of the second kind. 

Another relation between five consecutive coefficients is at once obtained if 
we multiply the given equation through by x(l — x 2 f and then equate coeffi- 
cients of x 11 : this is 
(n + iyO H + 1 + (nA a + A u )C n + [— 2(n-2)(n - 1) + (n-l)(A u - 1) + A 2S ] O n _ x 

+ [A n -(n—2)A n -]C n _ % +i{n—3){n-4)-{n-3)A n + A il ]C H _ s = 0, 
or say <$>(n, G) = 0. Considered as a function of n we may write 

~^-- = 2(»+ 1)C. + 1 + 4.C + [1 + Ax- 4(n- 1)] C.^ 

- A2C-2 + [2 (n- 3) - (1 + Ai)] C.-„. 
For the second integral of the equation we have 

y» = Q{?) + u ^ogx, 
where <p (x) is a uniform continuous function of x in the domain O and does not 
vanish for x = , we have then 



^( a ') = 53 



„=0 



184 Craig : On a Linear Differential Equation of the Second Order. 

Substituting in the differential equation and equating coefficients of x n , we 
find as before the relation 

2(n + 1) O n+1 + A n O n + [1 + A u - 4 (n - 1)] C._ 1 - A n O n _ % 
+ [ 2 ( n - 3) - (1 + A n )] C n _ 3 + (n + l) 2 c n + 1 + (n4 u + 4 24 ) c„ 
+ [- 2 (n - 2)(n - 1) + (n - l)(Ai - 1) + 4wfo-i 
+ [An — (n — 2) 4 u ]c B _, + [(« — 3)(« — 4) — (« — 3) Ai + Ai]c»-3 = , 
or, as this may obviously be written 

, , . , d<P(n,C) 
v ' an 

A simple application of the formulae is to the differential equation 
#y 1 — (« + /? + !)«, dy qg Q 

da; 2 a; (1 — a;) da; a; (1 — x) " ' 

of which a solution is the hypergeometric series u = F(a, /3, 1, x). Here we 
have A n = — (a + /3 + 1), J. 12 = — (a + /3), 

-4 21 = a/3 , J. 22 = a/3 , J. 23 = — a/3 , J. M = — - a/3 . 
Applying the formula for 0^, (7 2 , C 3 . . . and writing (7 = 1 , we find readily 

r _ «•/? r _ oi^+lj^GS+i) 
61 ~TT 62 ~ T2Ti^ ' 

n _ a (a + l)(q + 2) /?(/?+!)(/? + 2) 
° 3 _ 1.2.3.1.2.3 ' eta 

Also for the coefficients c-^,^ . . . 

o l = a/3[c to +l + -i-2(l)] > 

«(« + l)/?(/? + l) r 1 1 1 1 / JLN-1 etc 

Csi - 1.2.1.2 L C °+ a +a + l+ /3 +/3 + 1 2 V + 2^J' etC " 

We have now found a system of fundamental integrals of the equation 

das 1 "*" *(1 — a») dx "" x*{\—a?Y V 

in the domain of the point x = , and for this case the roots of the fundamental 
determinant equation were taken to be equal and each equal to zero, *. e. we 
made A 13 = 1 and J. 25 = 0. Removing this restriction now, we have for the roots 
of the fundamental determinant equation 

r x = i{(l - A 13 ) + */(i — A„f — 4Ax \ 
r, = * j ( 1 — A3) — V(T- 4 1S ) 2 — 44^ } 
or say r x = a + V/3 

r 2 = a — V/3. 
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We will assume first that /?, i. e. (1 — A 13 f — 4^35 is not equal to zero ; now 
two cases arise, either r x — r 2 is zero or an integer or the same difference is 
neither zero nor an integer. By hypothesis the difference cannot be zero, so we 
have only to consider the cases when a/(1 — A 13 f — 4A. i5 is and is not an integer. 

Assume first that \/(l — A is f — 4A 2S is not an integer, then the fundamental 

integrals will be of the form 

y 1 = x r '^> l (x), 

p i = x r ^. 2 (x). 

Where q> x {x) and fa (x) are uniform and continuous functions of x in the 
domain C and are not equal to zero for x = . We have therefore 

n — 00 

tp x (x), =u, = y A„a; tt , A not = zero. 



«=o 



The differential equation for u is 



cPu __ Qi du Q 2 

dx* x dx ' x ' 



writing g, , , _ Qi (x) — Q (0) 



and substituting for Q 1 and Q 2 their values we have for the differential equation 
in u 

^ u 1 / a _l o \ du — rs?{A n + A ls — 2r) + A n x + 2r-\ du 

- r x" [A n - rA n + r (r — 1)] + x* [_A n - rA n ] 1 

I u 

[ +x [A i3 — rA 13 + rA n — 2r (r — 1)] + [A %i + rA a ] J (1 _^ • 

Substituting now for u its value, and equating the coefficients of x n , we have, 
after some easy reductions, 

(n + l)(n + A 13 ) A n + 1 = [— A n + rA n — r(r— 1)] B n _ 3 + [i-A 1% — A 22 ] B n ^ 

+ [tA 13 - rA n — A 23 + 2r (r - 1)] 5 W _! - [^ 24 + rA n ] B n 

+ [ — ^11 — A 13 + 2rj ^1„_2 — ^-12^-n— i — %>A n , 
where 



7i 



2 ^"T" +1 J 






A " = L, 2 (*+l)Ai+i- 

i-=o 
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(It will be noticed that the coefficient A 25 does not appear explicitly in the above 
formula.) 

In particular make r = , A 13 = 1 ; then for n = we have 

A 1 = — A M A , 
for n = 1 A 2 = (— A^ + A%, + A n A u ) A , etc., 

results agreeing with those obtained above. 

If we compute the constants A from the formula, they will all be found to 
be of the form A n = T U A , 

then giving to r the values r x and r 2 we find the two functions above designated 
as fa (x) and <£> 2 (x) : the fundamental integrals of the differential equation in the 
domain G are therefore y x = x ri ^> l {x), 

i/ 2 = x r ^ i (x), 

in the case where r x and r 2 are different and their difference is not an integer. 
A particular case of the above formula is when 

A n = — (a + P + l), A^—y — a — /?— 1, A 13 = y, 

A n = a(3, An = a(3, Aw=—a(3, A u =—a(3, J. 25 =0. 

The roots of the fundamental determinant equation are now 

n = o, 

r 2 =l — 7, 
and the differential equation is 

<Py r — («+£ + 1)^ dy , «ft „ — o 
clx*^' ,t;(1— x) 'dx~ t x{l—x) J 

which, when y is not a negative integer, has for the integral corresponding to 
r x =. the hypergeometric series F(a, ft, y, x) 

and, corresponding to r 2 = 1 — y , when 2 — y is not a negative integer, the 
hypergeometric series 

x 1 ~ y F(a+ 1 — y, (3+1 — y, 2 — y, x). 

Substituting the above values of the A's in the formula we have fh'st 
for r, = A _ «/3 

A _«(« + l )/3(/9 + l) etc 

For the case of r 2 = 1 — y the formula is similarly verified. 
The relation between five consecutive coefficients is found by clearing the 
equation of fractions ; doing this and substituting for n its value, we find 
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{»(„+!) + (n + l)(A 13 + 2r) + [4 25 + rA 13 + r (r - l)] }A ll + 1 

+ \- 2 (n - l)(n - 2) + (n - 1)(4 U - As - 4>As) 

+ [^ + r (Ai - As) — 2r (r — 1)] A,,,! 

+ { - (ji - 2) A 1% + A n - rA n \ A„_ 2 

+ {(n-2)(n-4) + [-A n +2r-](n-3) + [A a -rA u + r(r- l)]}A ft _ 3 =0. 

Take now the case where r x — r % is an integer, i. e. 

\/(l — A ls f — 417s = integer, 
then of course 4A i5 must be equal to the sum of two squares, one of which is 
an integer. 

The two integrals now are of the form 

y 1 = x r '<p n 

V% = x r * [$n + <Pn log x] , 
or say y x = x r 'u 

Vi = % r * [v + u log x] , 
since $ 22 only differs from $ n by a constant factor, and since Cy % is an integral as 
well as y % . 

The first of these integrals is of course the same as the one obtained above. 
To find the second substitute in the differential equation : the coefficient of log x 
will be zero, and we have left 

-A u % s -f- A n x + An Zr_-\ du 
* (1 — a?) x J dx 

4. V A ^ X " + A ^ + A ^ + A *P + A « , r[A u a? + Agfl + A u ] , r(r— l) -i 1 
"^L "ar»(l— xj "" " ^(1— x*) ~~ "^ « 3 -Tj 

( aa; L a; a;(l — or) J J 

or 2 cPv . (An — 2r) ^ -+- A 12 x> + (^ 1S -f- 2r) x do 

+ {a; 4 [4 21 - r A n + r(r— 1)] + x 3 [4 22 -r4 ]2 ] +x 2 [4 23 + r4 u -r4 13 - 2r(r— 1)] 
+ x [A u + r4 12 ] } {1 __ x ^ 

__ du (An-2r + l)x? + A u x + A 1& +2r — l 

-~ 2x dx + j—J U - 

Multiplying out by (1 — x 2 ) 3 : writing 

u — 2^ A, B x'\ v = 2_^ *„»", 

« = o » = o 



{S+[ 
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and equating coefficients of x n + 1 , we have for the determination of the coefficients 
in v, the relation 

\n(n+l) + (n+ l)(A a + 2r) + [A 2 , + rA 13 + r (r - 1)] } S„ + 1 

+ ^^12 + ^24 + ^12}^ 

+ { — 2 (n — l)(w — 2) + (n — 1)(4 U — -4 13 — 4r^ 13 ) 

+ ^L 23 + r (A n — A^ — 2r (r — 1) } 6 n _ x 
+ I — As (» — 2 ) + As — »"A» } *.-• 

+ {(«- 3)(»- 4) + [- A u + 2r](n- 3) + ^i~ ?Ai + r(r- 1)} 5 n _ 3 
= [- 2 (« + 1) - (A 13 + 2r— 1)] A„ + 1 - ^ 12 A n 

+ [4 (» - 1) - ^ n + A 13 + 4r - 2] A„_! + AA,-» - 2 (n - 3) A„_ s . 
Here we must of course replace r by r 2 , in order to find the values of 8. 

The relation satisfied by the five consecutive coefficients A„ + 1 , A„, A„_ 1( 
A„_ 2 , A„_ 3 is what the above equation becomes when on the left-hand side 8 is 
replaced by A, and the right-hand side is made equal to zero ; using the same 
notation as that employed when r x = 1\ = 0, this may be written 

<fr(n, n, A) = 0, 
and consequently the relation giving the $'s may be written 

*(»» r 2 , 5) + ^-*(n, r„ A) = 0. 

(It will be observed that the coefficients of A n + 1 and <$ M + 1 are integers, since 
2r = 1 — J.J3 = integer.) 

Consider now the domain O x of the point x = 1 . The fundamental deter- 
minant equation for this point is 

r ( r — 1) + r f" ^" + ^ 18 + Als l 4. Ai + A» + A ™ + A + A ™ — • 

or writing A^-\-A n -f J 13 _ 

2 ~~ *' 1 ' 

Al + -4i>2 + -4j8 + A + ^25 _ j 

4 — ^ 

^-r(l-J 1 ) + ^ = 0, 
the roots of which are 

n = i { 1 — Ji + V(l— Jx) 3 — 4/ 2 } 
»*. = * { 1 — Ji — V(l — J,) 3 — 4J,}. 
Suppose, first, Ji = and / 2 = , i. e., 

r,= 1, r,= 0. 
The integrals of the differential equation are now of the form 

y x = (x — 1) U 

y 2 = v + ulog(x— 1), 
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where u and v are in the domain 1 uniform and continuous functions of as, which 
for as = 1 do not vanish. We have then 



n = go 

v=} c n (x—i) n . 



« = 

The differential equation becomes now 



S - AnX Mi A +t) An % ~ l A - xS + ^ + A ^ x * + ^ + A * + A ^ * 



y 



(4 + A-z + As + A*) 

x 2 (x — Tfcl+xf 
4- ~ ^ 8ia; ~t~ Cjjg "t" jjg) ,,g "f" (^i ~r ^2 8 ~r ^ 3 3; ^ — ^25 . 



or rffy _ -4 u a; — ^L 1S cfy , -4 81 a: 8 + (J. 31 + A i2 ) « 3 + (^ 21 + A n + .4 23 ) a; — J 2 



cfa; 3 x(x-\-l) dx x i (x — l)(a,*-f-l) 3 

Change the variable by the transformation 

x — x' + 1 . 
Change also, for brevity, the notation for the coefficients, by writing 

A n = a x , A n — A 13 =■ o 1 , 
Ai = «g , 4 J. 21 + -o-gg == Ps > 6^L 21 + 3^4 33 + A n = y s , ZA n + 2J. 22 + J. 23 — J. a5 = o 2 
and the equation becomes 



#y _ a t a/ -f ^ % a 3 a/ 3 + /? 2 a/ 2 + 7-^ + d. 



~/ (rj _1_ 1 \3/™T_|_ o\2 " 



also 



da;' 8 (a/ + l)(a/ + 2) da/ ' a/ (a/ + l) 8 (a/ + 2) 3 
y % — v + it log as', 
w=^(7 n x'", 

?i— 

a = 00 

'.2 = 

For convenience, again write the equation in the form 

d 2 l_P 1 d ]L I\ 
~dx*~" x 1 da/ ~ t ~ x riJ ' 
where D _ , (aia/ + <>i) 



(a/ + l)(a/ + 2) 



p _ , { a 2 x n + /9 a a;' 2 + yrf + 4) 
a—a/ " (a/ + l) 3 (a/ + 2) 
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It is at once seen that the roots of the fundamental determinant equation for the 
above differential equation are, in the domain of x' = 0, i\= 1 , r 2 = 0, as they 
should be. Write now y = x'u ; substituting in 

<%y «ia/ + f \ fy_ , « 3 ^ a + /V 2 + r& J + <? 3 

da/ 2 (a/ + l){x' + 2) da/ " 1 ~ a/ (a/ + l) s (a/ + 2) 2 y ' 
we have for u the equation 

eft* _ r(«! — 2) a: 2 + (^ — 6) x — 4"i dtt 
da? - L x (x + l)(a; + 2) J daT 

r ( ai + a,) a; 4 + (ft + 3a t + gQ «» + fo + 2a t + gQ g + (2o\ + 3 2 ) x n 
~ l ~ L a; 3 (a ; + l) 2 (a ; + 2) 3 J 

I write, for convenience (as no confusion is likely to arise), x instead of x'. 

Clearing this of fractions, substituting for u its value, and equating the 
coefficients of x n + 1 , we find, without much difficulty, the relation 

4(w+l)(n+2)C 1l + 1 +[12»(»— 1)— n (28 1 —24) — (28 1 + S i )]G n 
+ [13 (n — l)(w — 2) — (n — l)(2 ai + 3^ — 26) — (y, + 2a x + 350] C-i 
+ [6 (« - 2)(n - 3) - ( w - 2)(S a + 3a x - 12) - (ft + 3a x + «,)] C n _ a 
+ [(n - 3)(re - 4) - (a x - 2)(» - 3) - (a x + a,)] tf n _ 8 = . 
As an example of this, take the case of 
«i= — 1, 5i= — 2, 

a 2 = — 1, /3 2 = — 4, y 2 = — 4, <5 2 = 0. 
The differential equation in y now becomes 

d s « , 1 dm , 1 
dc 2 ^ a; + 1 do T (* + l) 2 J ' 

the integrals of which are 

y x — sin log(« + 1), 

y % — cos log (x + 1). 
The first of these is the one to be considered. Expanding sin log (x + 1) in a 
series going according to ascending powers of x, we have 

sin log (x + 1) = u -f ihx + « 2 a; 2 + • • • 
where n (n + 1) « n + x + n (2n — 1) u n + (it? — 2n + 2) u n _ 1 = ; 

further, since for x = we have sin log (x + 1) = 0, it follows that w = 0. 
The next few coefficients are u x (which is unity — but may obviously be 
replaced by an arbitrary constant in the expression for the integral), u 2 = — i « x , 

We ought now to have 

C = m x , Oi = ?*g , (7 2 = u 3 , (7 3 = , O i = u 5 , etc., 
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and by substitution of the above values of a x , ^ , a 2 , . . . <5 2 in the formula, it is 
easily seen that these conditions are all satisfied. Another relation connecting 

the coefficients O in this particular case is found by expanding — , — and — — ; — rr, 

1 J r D 1 -\-x (1 +£) 

in the differential equation 

d z (xu) , 1 d(xu) xu 

— i — '- -J i — L J — 

dx* T 1 + x dx ^ (1 + xf 

and equating to zero the coefficient of x n : this is 

k = n — 1 

(n+l)(n+2)C n+1 + ^2(-y+*- 1 l5(h+ l)C t+1 + 2(»-&)0 t ] 

4 = ft — n 

A = 

or, replacing n by n — 1 and C n by «„ + 1 , we have for the relation connecting 
the coefficients u lt u z , . . . 



n(n+ l)u n+1 + ]T (-)<"+*-« [5 (& + l) % + 2 + 2(m-Zs+ 1)m 4+] ] 

a=o *=» — 1 

+53(-) n+ *~ i (»-&R+i=°- 

* = 

Having found the values of the coefficients G, and consequently the value of 
the function u, it is only necessary to replace x by x — 1 in order to get the first 
integral y 1 = (x — 1) u 

of the original differential equation. The second integral is in general of the 
form y % = v + u log (x — 1) , 

or, changing the variable again, simply 

y 2 = v + ulogx, 
where u and v go according to ascending powers of x. In the simple case just 

noted, viz. dfy , 1 dy , 1 _ „ 

dx* + (* + 1) dx "*" ~(x~+ lf y ~' 

there is evidently no logarithm — the two integrals being in fact, as already 
mentioned, y x = sin log (x + 1), (= xu), 

y % = cos log (x + 1), 
the coefficients in the developments being in each case connected by the relation 

n (n + 1) u n+1 + n(2n — 1) u n + (n 2 — 2n + 2) u n _ x = , 
with, in the case of y lt u = . 
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To determine whether or not logarithms exist in the case at present treated, 
i. e. when the roots of the fundamental determinant equation are r x = 1 , r 2 = 0, 
and where consequently i\ — r 2 =- 1, we form the differential equation satisfied 
by the second derivatives of the integrals y x and y/ a ; according as there exist or 
do not exist negative roots of the fundamental determinant equation belonging 
to this new differential equation, there exist or do not exist logarithms in the 
original equation in y . 

Resuming now the differential equation 

<Py a x x -4- o t dy c^re 8 -\- fax* -4- )\x -4- <\ 

rfa? - (^+l)(«+2) dx + ~~~x{x + l)\x + 2f~~ V ' 
write y = v + u log x 

(here, as before, x is written for x'). After some easy reductions, we find for v 
the equation 



d?v „ , , _ , , , „ N , . t. \ dv 



[x(x+l )(x 4- 2)] 3 -7-7, — x 2 (x 4- 1 )(x + 2)(a 1 £c + 8 X ) -=- — x (a 3 a; 3 + /3 2 £c 2 4- y 3 a; + &0 



dx* K v cfa 



y; 



= — 2x (cc + l) 2 (x + 2) 3 y- + [(x 4- l) 3 (a; + 2) 3 + x (x + l)(a + 2)(a 1 a; + 5 X )] w. 
Substituting for w and v their values, viz., 

and equating coefficients of x n + 1 , we have for the relation connecting the coeffi- 
cients G and e 

4re(re4- l)c„ + 1 + [I2re(re — 1)— 2^re — 5 2 ]c„ 

+ [13(n— l)(n-2)— (re— 1X2OX+380 — yjc.-! 
+ [6(re-2)(re — 3)-(re-2)(3a 1 + a i )-ft]c„_ 3 

+ [(« — 3 )( w — 4) — c^ (n — 3) — a 2 ] c„ _ 8 
= — 4(2n + l)C7 n + : +[-24n + 12 + 25,]0 , B +[-26(n — l) + 13 + 2a 1 +35 1 ]C B _ 1 
+ [- 12(re- 2) + 6 + 3a> + 3J C„_ 2 + [- 2(re- 3) + (1 + a,)] ff B _ 8 - 
In the particular case already referred to, viz. 
d 2 y 1 dy , 1 

da;' ^ (aj + 1) dx ^ {x + lf l/ 
(i. e. a.x= — 1 , Si = — 2 , a a = — 1 , /3 3 = — 4 , y a = — 4 , 5 8 = 0) , the integral 
which we are in search of is simply the function v, consequently the values of 
the constants c are found by writing the left-hand member of the above equation 
= ; it is easy to see then that the coefficients c of the function v are the same 
as those in the development of cos log (a- + 1). 



